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Abstract 


In this paper, we prove the existence and uniqueness of the solution 
involving the conformable fractional integral equation and give error 
estimates of the approximations using the contraction principle. 
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1 Introduction 


The concepts of fractional integral assume various forms not always equivalent 
and also not compatible with each other and play a vital role in the theory of 
the most of the scientific areas such as physics and applied sciences. 

Fractional integral equations are studied in various fields of physics and 
engineering, specifically in signal processing, control engineering, biosciences, 
fluid mechanics, diffusion processes and dynamic of viscoelastic material, as 
shown in [1, 2, 3, 4, 5, 6, 7, 8, 9]. 

These types of integral equations naturally appear in certain modeling and 
theoretical problems, for example, porous medium equations [10], and numer- 
ical analysis [11], among other applications. Moreover the theory of integral 
equations is rapidly developing using the tools of functional analysis, topology 
and fixed point theory. The theory of such integral equations is developed 
intensively in recent years together with the theory of differential equations of 
fractional order 
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The Banach contraction principle [12] provides the most simple and efficient 
tools in fixed point theory. In this paper, we considerer a fractional integral 
equation of the type 


ai) = a(t) | b(u)a(u)d,u+ f(t), t € (0,7), (1) 














where 5 <a<landa,b,f: [0,7] — R are continuous functions. 
To solve (1), we employ fixed point theory. We recall the main result for 
fixed points of an operator on a Banach space. 


2 Basic definitions and tools 


Conformable fractional integral was first introduced by Khalil et al. (2015) 
[13] as a generalization of n-fold integral and developed by Abdeljawad [14]; 
their definition is presented below. 


Definition 2.1 (Fractional Integral). The (left) conformable fractional integral 
of order 0 < a <1 starting froma € R of a function f € Li [a,b] is defined by 














I f(t) = / f(u) dtu = / f(u)(u — a)2-* du, (2) 


if the Riemann improper integral exists. 


When a = 0 we write J, and d,u. The operator [% is called conformable (left) 
fractional integral of order a € (0,1). 


Remark 2.1. Note that the relation between the Riemann integral and the 
conformable fractional integral is given by 


If(t) = (f(t) = il f(ujue? du. (3) 


Remark 2.2. When a — 1 in Eq. (2), the conformable fractional integrals 
reduce to ordinary first order integrals. 


Definition 2.2 (Contraction mapping). Let (X,||.||) be a Banach space and 
let T: X + X be a self-mapping. Then T is said to be k-contraction if there 
exists a constant k € |0,1) such that 


\|T2—Ty||<kl|a—yl||, for allz,y eX. (4) 


We normally refer to the infimum of all k values satisfying Eq. (4) as the 
contraction factor of T’. 

The existence results will be based on the following fixed-point theorems 
and definitions. 
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Theorem 2.1 (Banach Fixed Point Theorem [12]). Let (X,||.|]) be a Banach 
space and let T: X — X be a k-contraction. Then 


(a) Tx = x has exactly one solution, that is, T has exactly one fixed point 
eX. 


(b) The sequence 2n41 = TXn, Vn EN, is convergent to x*, for any arbitrary 
choice of initial point x9 € X. In other words, the fixed point x* is 
globally attractive. 


(c) The error estimate 





hee 
lem — 2°] $ lle = 20 (5) 


holds for everyn EN. 


Lemma 2.2. Let T : X — X be a contraction mapping on a Banach space 
and M C X be a closed subset such that f(M) C M. Then, the unique fixed 
point of f isin M. 





Let ||. ||5,.: C[0,7] + R, be the Bielecki norm, 











.= t ee 6 
ellos = max ln(le (6) 
for some suitable s > 0, and let ||. ||¢ be the Chebyshev norm on C0, 7}, 
defined by ||2||c = max;ejo,7) |w(t)|. It is easy to show that ||. ||g,, and || « ||c 
are a norms of C[0,T]. Moreover, (X,|| +» ||5,,;) and (X,||» ||c) are Banach 
spaces. 


3 Main Results 


In this section, we discuss th existence and uniqueness of the solutions of 
conformable fractional integral equations. 
For Eq. (1), we define the associated integral operator T by 


rae / b(u)x(u) dau + f(t), t€ (0,7), (7) 


where a,b, f € X = C[0,T). 

By this construction, T(X) Cc X,soT: X > X is well defined [15, 16, 17]. 
Observe that problem (1) has solution if the operator (7) has fixed point. We 
have: 
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Theorem 3.1. Let T : (X,||+||5,s) > (X,||+||a,5) be defined by Eq. (7), with 
the constant s chosen so that 


1 
27° ‘Hlalle “lle \ 1 
= ~,1). 
° ( 2a—1 nS (5 ) (8) 





Choose R satisfying R > max{—R,, Ro}, where Ry = miner) f(t), Re = 
maxtejo,r] f(t). Then 


(a) Tx = x has exactly one solution x* € Br(f) := {x € X||Ia — f\las < R}; 


(b) for any arbitrary initial point x) € Br(f), the sequence tn. = Tn, 
Vn EN, converges to solution x*; 


(c) for every n EN, the error estimate 
n 


nn allbe 
len — 2*|| < 





I|21 — xol| (9) 


holds for everyn EN. 


Proof. First, let us show that T(Br(f)) C Br(f) CX. Let « € Br(f). Since 


llc — fll. < R, we have, for every t € [0,T] 
R, — Re* < f(t) — Re® < a(t) < f(t) + Re™ < Ry + Re®. (10) 

Multiplying by e~*’, using fact that e~*? < e~*' < 1, it follows that 
—2R <x(t)e™ < 2R, (11) 


so ||z||b,. < 2R. Now, fix t € [0,¢]. We have 


/\ 


ITx(t)-f@®| < jal f [b(u)| ar(w)| Jue | de (12) 


IA 


t 
alle [Plo lzllas f ue du (13) 
0 


Making the change of variables w = su, 0 < w < st, we get 


a 


1 st ae 
IZx(t)-—f®)| < elle lle ellos f were dw. (14) 


Note that, by the well-known Hoélder’s inequality, for a € (5, 1) we have 


18 ale 
st st DY st a T 2a—1 
: wee’ dw < (| wre) iw) (| ew iw) — 2 ee (15) 
0 0 0 2a—1 
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Then 


T2a-l i ‘ 
lallc = [Bll - 2Rs—e"s- (16) 


= Bem, (17) 





|Ta(t) — FO) 


IA 


by Eqs. (8) and (11). Then ||T'x — f||z,. < R and T(Br(f)) C Br(f). 
Next, for every fixed x,y € X, similar computations lead to 








t 
ITx(t) -—Ty(t)| < elle Hlle| f |z(u) — y(u)| Ju®*| du (18) 
T2a-1 ‘ 
< |lalle: |Ielle Iz — ylla.s5 ea (19) 
a-—l 


So, again, by (8), J is a contraction with constant 


2a—1 


T 
= - |b om 2 
k= |lalle- [Iblles——zs*"' < (20) 





It easily shows that all the hypotheses of Theorem (2.1) and Lemma (2.2) 
are satisfied and hence the mapping has a fixed point that is a solution in 
closed ball M = Br(f) of the integral equation (1). 














Remark 3.1. The above proof gives a constructive method to find a sequence of 
Picard iterations that converges to the exact solution of the fractional integral 
equation (1). 


Theorem 3.2. Assume the conditions of Theorem (3.1) are satisfied. If, in 
addition, a,b, f € C[0,T], then x* € C?[0,T], also. 


4 Concluding Remark 


There are many results devoted to the well-known integral equation that in 
most cases extremely difficult. In this paper, we give results for integral equa- 
tion containing conformable fractional integral. We used Picard iteration for 
finding fixed points of a singular integral operator (Banachs fixed point the- 
orem). The presented idea may stimulate further research in the theory of 
conformable fractional integrals. 


Conflicts of Interest: The author declares no conict of interest. 


204 Fernando S. Silva 


References 


[1] O. Ozkan and A. Kurt, The analytical solutions for conformable inte- 
gral equations and integro-differential equations by conformable Laplace 
transform, Optical and Quantum Electronics 50(2) (2018), 81. 


[2) B. I. Eroglu, D. Avci and N. Ozdemir, Optimal control problem for a 
conformable fractional heat conduction equation. Acta Phys. Polon. A 
132(3) (2017), 658-662. 


[3] D. D. Bainov and P. S. Simeonov, Integral inequalities and applications, 
Springer Science & Business Media, (57) 2013. 


[4] J. Banas and B. Rzepka, Monotonic solutions of a quadratic integral equa- 
tion of fractional order. Journal of mathematical analysis and applications, 
332(2) (2007), 1371-1379, . 


[5] M. Cichon, A. M. El-Sayed and A. H. Hussien, Existence theorems for 
nonlinear functional integral equations of fractional orders. In Annales 
Societatis Mathematicae Polonae. Seria 1: Commentationes Mathemati- 
cae (2001), 41:59-67. 


[6] A. M. A. El-Sayed, H. H. G. Hashem, Existence results for nonlinear 
quadratic functional integral equations of fractional orders. Miskolc Math. 
Notes (2013), 14:79-88. 


[7] K. Sadri, A. Amini and C. Cheng, A new operational method to solve 
Abels and generalized Abel’s integral equations. Applied Mathematics 
and Computation, 317 (2018), 49-67. 


[8] T. A. Nadzharyan, S. A. Kostrov, G. V. Stepanov and E. Y. Kramarenko, 
Fractional rheological models of dynamic mechanical behavior of magne- 
toactive elastomers in magnetic fields. Polymer, 142(2018), 316-329. 


[9] F. Mainardi, Fractional calculus. In Fractals and fractional calculus in 
continuum mechanics (pp. 291-348). Springer, Vienna, 1997. 


[10] L. Plociniczak, Analytical studies of a time-fractional porous medium 
equation. Derivation, approximation and applications, Commun. Nonlin- 
ear Sci. Numer. Simulat. 24 (2015) 169-183. 


[11] R. Almeida, Variational problems involving a Caputo-type fractional 
derivative. Journal of Optimization Theory and Applications, 174(1) 
(2017), 276-294. 


Conformable Fractional Integral Equations of the Second Kind 205 


[12] 


[13] 


[14] 


[15] 


[16] 


[17] 


S. Banach, Sur les opérations dans les ensembles abstraits et leur appli- 
cation aux équations intégrales, Fund. Math, 3(1922), 133-181. 


R. Khalil , M. Al Horani , A. Yousef and M. Sababheh, A new definition 
of Fractional Derivative, Journal of Computational and Applied Mathe- 
matics 264 (2014) 65-70. 


T. Abdeljawad, On conformable fractional calculus, J. Comput. Appl. 
Math., 279 (2015), 57-66. 


N. Hayek, J. Trujillo, M. Rivero, B. Bonilla and J. C. Moreno, An ex- 
tension of Picard-Lindeloff theorem to fractional differential equations, 
Applicable Analysis, 70(3-4) (1998), 347-361. 


H. E. Kunze, J. E. Hicken and E. R. Vrscay, Inverse problems for ODEs 
using contraction maps and suboptimality of the collage method, Inverse 
Problems, 20(3) (2004), 977. 


S. Andras, A. Baricz and T. Pogany, Ulam-Hyers stability of singular 
integral equations, via weakly Picard operators, Fixed Point Theory, 17(1) 
(2016), 21-36. 


Received: June 01, 2018 


